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Analytic Properties of the Structure Function for the
One-Dimensional One-Component Log—Gas'
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The structure function S(k; f) for the one-dimensional one-component log-gas
is the Fourier transform of the charge-charge, or equivalently the density—
density, correlation function. We show that for |k| <min(2zp, 2npf), S(k; f) is
simply related to an analytic function f(k; ) and this function satisfies the func-
tional equation f(k; f) = f(—2k/B; 4/p). 1t is conjectured that the coefficient of
k’/ in the power series expansion of f(k; 8) about k =0 is of the form of a poly-
nomial in /2 of degree j divided by (/2)”. The bulk of the paper is concerned
with calculating these polynomials explicitly up to and including those of degree
9. It is remarked that the small k£ expansion of S(k; f8) for the two-dimensional
one-component plasma shares some properties in common with those of the
one-dimensional one-component log-gas, but these break down at order k%,

KEY WORDS: Logarithmic potential; two-dimensional plasma; fractional
statistics; random matrices; exact solution.

1. INTRODUCTION

The one-component log—gas, consisting of N unit charges on a circle of
circumference length L interacting via the two-dimensional Coulomb

potential &(7, 7')= —log |F—7"'|, is specified by the Boltzmann factor
Ayg I | wE—eE s 0<x,<L (1.1)
1<j<k<N
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The constant 4y 4z, which plays no role in the calculation of distribution
functions, results from scaling the radius of the circle out of the logarithmic
potential, and also includes the particle-background and background-back-
ground interactions (a uniform neutralizing background is imposed for
thermodynamic stability). The thermodynamic limit N, L — oo, N/L=p
(fixed) is taken, which gives an infinite system on a straight line with par-
ticle density p. This system was first studied because of its relation to the
theory of random matrices.?” The thermodynamic functions were obtained.
The pressure P has the simple form

pP=[1—(5/2)]p (1.2)

at any inverse temperature . However, exact (simple) forms for the
correlation functions were obtained by the pioneers only for the special
temperatures corresponding to f=1, 2,4 (See Section 5). More recently,
exact expressions for the two-body density were derived for arbitrary even
integer f® and then for arbitrary rational £.\'") Unfortunately, these latter
exact expressions are complicated multivariable integral representations
which cannot be easily used as such for actual computations. The purpose
of the present paper is to obtain explicit small £ expansions for the struc-
ture function (the Fourier transform of the two-body density).

The log—gas is an example of a system interacting via the d-dimen-
sional Coulomb system (here d =2) but confined to a domain of dimension
d— 1. Tt therefore exhibits universal features—that is features independent
of microscopic details such as any short range potential between charges or
the number of charge species—characteristic of Coulomb systems in this
setting.'* One universal feature is the existence of an algebraic tail in the
leading non-oscillatory term of the large-distance asymptotic expansion of
the charge—charge correlation function. For general charged systems in
their conductive phase, interacting via the two-dimensional Coulomb
potential in a one-dimensional domain, this is predicted to have the form”

1

B (-3
where r is the distance. For the one-component log—gas, (1.3) can be
verified for all f rational.®®

The verification is possible because the charge—charge correlation func-
tion (which for a onecomponent system is the same as the density—density
correlation) is known explicitly for # rational® (see (2.3) below). In this
work we further analyze the properties of the structure factor S(k; f)
(Fourier transform of the charge—charge correlation) for the one-component
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log—gas. In particular we are interested in the f dependence of the coef-
ficients in the small k expansion of S(k; f3).

The large distance behaviour (1.3) is equivalent to the small k&
behaviour

k
S(k; p) ~ Lﬁ| (1.4)

Furthermore, by making use of the equivalence of the charge—charge and
density—density correlation in the one-component log—gas, together with

the exact equation of state the second order term in (1.4) has been predicted
for general B, giving

K, B2-DE s
Sths )~ + L o) (L5)
Let
(ki )= |,f| Stk 0<k<min(2np, 7fp) (16)

and define f for k<0 by analytic continuation (we will see below that
f(k; p) is analytic for 0< |k| <min(2zp, nfip)). In Section 2 we use the
exact result (2.3) below to derive the functional equation

2k 4
kp)=f ——F;5 1.7
i =1 (~%:3) (17

The simplest structure consistent with (1.7) is
|k[)|) Stk; fy=1+ Z <7l][;|p>i’ |k| <min(27p, nfip) (1.8)

where p;(x) is a polynomial of degree j which satisfies the functional relation
pi(1/x)=(=1)/ x7/p;(x) (1.9)

Equivalently, (1.9) can be stated as requiring
J ; ]
pi(x)="> a; x', a;;=a; ;_; (jeven) (1.10)

p(x)=(x=1) Y a,x',  d,=a,; -, (jodd) (1.11)
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Inspection of (1.5) shows that the conjectured structure (1.8) is correct
at order |k| and furthermore gives

pi(x)=(x—1) (1.12)

and thus @, o =11in (1.11). In Section 3 we use (2.3) to verify that the struc-
ture (1.8) is correct at order k? and we compute p,(x) explicitly. In Section 4
we use an exact evaluation of the two-particle distribution function for f
even® to rederive the result of Section 3, and we also use this formula to
verify the structure (1.8) at order k* and to compute p,(x) explicitly.

Assuming the validity of (1.8) we see that p;(x) can be computed from
knowledge of the coefficient of |k|/ in S(k; f8), or the coefficient of |k|/ in
07S(k; p))op? (p<j), for an appropriate number of distinct values of f.
Because the functional relation (1.7) has via (1.10) and (1.11) been made
a feature of (1.8) the values of 3 cannot be related by f+> 4/f. In Section 5
the known exact evaluation of S(k; f) to leading order in f is reviewed,
as are the exact evaluations of S(k; 2) and S(k; 4). Also noted are the exact
evaluations of S(k, 1) and S(k; f) to leading order in 1/f, which according
to (1.7) are related to S(k; 4) and S(k; ) to leading order in f respectively.
All of these exact evaluations are in terms of elementary functions, and so
can be expanded to all orders in k. We then present the exact evaluation
of 0S(k; p)/0p to leading order in f5, as well as the exact evaluation of
0S(k; p)/0f evaluated at f=2 and f=4. The details of the latter two
calculations are given in separate appendices. Again the final expressions
can be expanded to high order in |k|. Using this data all polynomials in the
expansion (1.8) up to and including the term with j=9 can be computed.
This expansion is written out explicitly in the final section and some special
features of the polynomials therein, relating to the sign of the coefficients
and the zeros, are noted. A physical interpretation of the functional equation,
based on an analogy with a quantum many body system, which identifies an
equivalence between quasi-hole and quasi-particle states contributing to
S(k; p) for |k| small enough is given. We end with some remarks on the
possible occurence of a functional equation analogous to (1.7) in the two-
dimensional one-component plasma.

2. THE FUNCTIONAL EQUATION

The Boltzmann factor (1.1) also has the physical interpretation as the
absolute value squared of the exact ground state wave function, |0) say,
for the Calogero—Sutherland quantum many body Hamiltonian

2 2 1
:_Z | Ox 2 BB2—1) <L> Y w (2.1)

1<j<k<nSITT
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This Hamiltonian describes quantum particles on a circle of circumference
length L interacting via the inverse square of the distance between the par-
ticles. In the thermodynamic limit N, L — oo, N/L = p (fixed) the N particle
system becomes an infinite system on a line with particle density p. The
ground state dynamical density—density correlation function

PE™0, x5 1) := 0] n(0) e~ n(x) 10>, n(y):i=) dy—x;) (22)
i=1

in the infinite system has been calculated exactly for all rational .V The
fact that (|0))? is proportional to (1.1) tells us that at =0 (2.2) is equal to

Pio(0. )+ po(x)

where p(T2) is the truncated two-body density, for the log—gas system. Thus
the exact evaluation of

Stk p):= [ (p0.3) + polx)) " d

for the log—gas follows from the exact evaluation of (2.2) for the quantum
system. Taking f to be rational and setting

B/2:=plq =4

where p and ¢ are relatively prime integers, the latter exact result gives®

q [ee) p 1
S(k; B)=nC, H j x; |1 j dy; 0 JF(q, p, A1 {x:, y;}) 0k — Q,.,)
= j=170 (23)
where
/121’(‘1_1)F2(p) pq( )F”(l//l)

C, (4) =
p,q( ) 27[2[7! ql < 1—1 (p i(l_l)) >

XTI, (1= (j—1)/A)
stq i=2mp <§: X+ i yj> (2.4)

i=1 j=1
ITi<» |xi_xi'|2'1 Hj<j' |yj_yj'|2/l
H 1_[;;1 (xi+;“yj)2
1
F (xi(xi-{-i))l_’l 1_[;”21 (}J/j(l _J/j))l_l//1

F(qap:/ll{xia yj}) =
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In the domain of integration of (2.3) the integration variables are all
positive and because of the delta function are restricted to the hyperplane

ol
i=1 = 27Ip
We see immediately from these constraints that the restriction y; <1 in the
domain of integration is redundant for
|k| <2mp (2.5)

Thus assuming (2.5) we can extend the integration over y; to the region
(0, o). Doing this and changing variables x; — |k| x; and y; — |k| y; we
see that for |k| in the region (2.5)

S(k; ) == || C,,, jdx fowdy,.

Fg, p, 7| {x,, yitik ( =04 (2.6)

where

1
9y (U +kx /) AT (v (1 =Ky =7
« [Tici [x:—x; |2/l Hj<j’ |yj* Vi |2//l

F(qa p» ;" | {X,-, y]}sk)z

o TI, Cxi ) 27
Notice that (2.7) is such that the integral in (2.6) is analytic for
|k| <min(27zp, npf) (2.8)
Thus according to the definition (1.6) we read off that
ks =22, () T |, ﬁl [“a
X F(q, p, 2 | {xis )5 K) 0(1 =0, ) (29)

The functional equation (1.7) is a simple consequence of this exact for-
mula. Thus we see that the integral in (2.9) is unchanged by the mapping
A+ 1/4 (and thus p <> ¢q) followed by k+ —k/A. The precise functional
equation (1.7) follows provided we can show that

C

D,

JA)=221=2C, (1/0)

which indeed readily follows from the definition of C, ,(4) in (2.4).
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3. EXPANDING f(k; B) IN TERMS OF DOTSENKO-FATEEV
TYPE INTEGRALS

Here we will develop a strategy based on the integral formula (2.9) to
expand f(k, §) at order k2. This relies on our ability to compute certain
generalizations of a limiting case of the Dotsenko—Fateev integral. This
same method has been used in refs. 8, 6 to compute the equivalent of
f(k, p) and its derivative at k=0.

We first expand the integrand in (2.9) as a function of k. According to
(2.7) we have

F(q, p, 21 {x:, y;}: k)

— Glg, p. 2| {xs y,-})(l Y Hqp | {xn yj})k”>

v=1

where

G(% p’ /1 | {xi’ y]})
_ ni<i’|xi_xi’|2/{1_[j<j’|yj_yj’|2//{

T TT1e P T N2 T T4 1—A17p 1—1/4
i=1 j:l(xi"‘/“yj') HERR Rl [ (P

) (3.1)
1+Z Hv(q9p5)“|{xi9yj})kv
1

1
T (ko /2) T2 (L —keyy) ' =1

The coefficients H, are homogeneous polynomials in {x,, y;} of degree v.
Let us now introduce the notation

o i 1 =11 [

i=1"0

x0(1 =0, ¢) h({xss y;}) (32)

P o0
de, 1 [ dv 03, 6a. p. 21 {50 3)
j=1

Because of the presence of the delta function the value of I, is
unchanged if Qi, , 18 replaced by Q7  for any n. Doing this and also intro-
ducing the usual integral representation of the delta function, we see by a
change of variables as detailed in ref. 6 that for 2 homogeneous of degree v

']p,q, , n h i Jj Jp q, h i» Vj
L il h({x0 3;1) ] = 2VEH(I{_Xl)!y})]= : *[(v(_{);)!y})] (3.3)
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where
Jp,q,/l,n[h({xi» yj})]
q o) 14

= n J dx; H

i=1"0 —

1

J, Q5.6 p. 1 {xin 3}y €=t 3)))

J

and J, , ;:=J, 410
Recalling (2.9) and (3.1) we see that in terms of the notation (3.2)

S p)=C,, 4(4) <1p,q,z[1] + 2 Lo LHNq p, 2 [ {xs, y;})] k”> (34)

The definition of H, in (3.1) shows

a2 e =V G PPN ($ a0 %) o)
2 qa p’ X,-, yj - 2/12 (27'[p)2 2/12 . xi yj .

so to compute f(k, f) at order k2 our task is to evaluate

q P
1, .05 ] and Ip,q,,l{ Yo xi—4 ) yf} (3.6)
i=1

Jj=1

Now because of the delta function in (3.2)

Ip,q,/l[Qi,q :Ip,q,/l[l] (37)

and we know from ref. 6 that

Cp,q(jv) Ip,q,i[l] =1 (3.8)

Thus our remaining task is to compute the second expression in (3.6) or
equivalently, using (3.3), to compute

j=1

q P
Jp,q,ﬂ Z xzz_/1 Z yJZ :q‘]p,q,l[x?]_lp']p,q,l[yj?] (39)
i=1

where the second equality, valid for any 1<i<gq and 1<;<p, follows
from the symmetry of the integrand.
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For this purpose we first note formulas for J, , ;[#] in the cases
h=x} and h=y;. The formulas are

(2p—Ai+1) p x?
Jp, g 2[x7] =TJp,q,l[x,~] “w Ty as Py (3.10)
(2g—1/2+1) g x2
Jp,q,i[yj?]zﬁjp,q,l[yj]_%‘]p,q,l xi+jiyj (311)

The derivation of (3.10) and (3.11) uses a technique based on the
fundamental theorem of calculus. It was first used by Aomoto® in the con-
text of the Selberg integral, and has been adapted in ref. 8 to the case of the
Dotsenko-Fateev integral.

Let us give the details of the derivation of (3.10) (the derivation of
(3.11) is similar). From the definition (3.1) we see that

0
ax' G(% PMI | {xi’ y]})

A—1 2 1 a
=<—2 +24 )
X; S Xt Ay, T

,>G(q’ p’;“ | {xi’ y]})

Thus

(o)

© P 0 ) 0
0=11 |, x| e (261g.po 2 iy e o)

i=1

3 i
=A+D)J, [x1-2Y%Y J [ i }
D, g A & D g, A xi+}vyj

q x? )
+24 Z Jp,q,l{ : } _27Tp‘]p,q,/1[xi]
i=1; i #i

Xi— Xy
; x7
:(/L+ l) Jpgq),l[x,-] 72pJp,q,/'L |:)Cl—|—;%:|
x?2 )
+2/1(q1)JP)q,,{x' — } —2mpd, . [x7] (3.12)

where the first equality follows from the fundamental theorem of calculus,
while the final equality, valid for any j=1,..., p and any ' =1,..,, g, (i’ #1i)
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follows by the symmetry of the integrand with respect to {x,} and {y;}.
The symmetry of the integrand with respect to {x;} also gives

J Y|y X
. g, A =JIpg i
PEr X, — X P X —Xx;

so we have

x? 1 x? x2
B e AN Eol R e

Substituting in (3.12) implies (3.10).
From (3.10) and (3.11) we see that

4Ty, 4 LX71 =0T, 4 5 Y]]
_q(2p—A+1) Ap(2q—1/A+1)

21p Ip g2l Xi]— 27p I a2l Vi1
_ﬂ_] {x?_;”zng}
np et X;+ Ay,
qg(—4+1) Ap(—1/A+1)
= 27Tp Jp,q,l[xi]_W‘]p,q,l[yj]
A—1 A—1
= (2 p)2 pqﬂ[Qp q] ( )2 pql[ ] (313)

Recalling (3.5), the results (3.3), (3.7), (3.9) and (3.13) give that

1 (A—1)?

Ip,q,ﬂ[HZ(q’p7/1|{x} {yj}]_ T p,q,/l[l]

(2np)?

Use of (3.8) then gives that the term proportional to k2 in (3.4) is equal to

k \? k \?
(A—1)? <2n/1p> =(p2—1) <W> (3.14)

It follows from this that the structure (1.8) is valid at order k* with

pa(x)=(x—1) (3.15)
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4. LARGE-x EXPANSION OF p{,,(0, x)

We have already remarked that the large-x expansion (1.3) of the
charge—charge correlation, or what is the same thing for the one-compo-
nent log—gas, the large-x expansion of pé)(O, x), is equivalent to the small-
k behaviour (1.4) of S(k; ). More generally, as shown below, the non-
oscillating part of this expansion is of the form

2 ¢,
p(g)(os x)non—osc x5 z T (41)
(with only even inverse powers of x), equivalent to the expansion
" kl2—1
Soaalks B) Z k] (4.2)

where S,qq 1s that part of the expansion of S(k, f) containing the terms
singular in k (i.e., of odd order in |k|). This follows using the Fourier trans-
form

JOO eikx x_n(_l)n|k|2n71
e X T (2n—1)

from the theory of generalized functions (see e.g., ref. 8).
From the equivalence between (4.1) and (4.2) we see the fact, follow-
ing from (3.14), that the term proportional to |k|* in the small k expansion

of S(k; B) is equal to
|k|
ppz=1) < ﬂp>

is equivalent to the statement that the term proportional to 1/x* in the
non-oscillating part of the large x expansion of p{, (0, x) is equal to

1 4
P6B(B2—1)? (n ﬁpx> (4.3)

In this section we will derive (4.3) directly. We will also calculate the
O(1/x%) term and so explicitly determine the O(|k|®) term in (4.2).

The starting point for our calculation is an exact f-dimensional
integral formula for the two-particle distribution p (0, x) valid for § even.
With

"tra+1+je) T(b+1+je) F(1+(j+1)c)

S,(a, b, c):=j1;[0 Tatb+2+(N+j—1)e)I(1+c)
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the formula gives that in the thermodynamic limit®

5 ((B2)Y)° e ™ (2mpx)”?
B 3B2) Sp(1=2/B,1=2/B,2/B) 1o, 11

x l_[ 2Py, 71+2/ﬂ(1 _uj)71+2/ﬁ 1—[ |uk_uj|4/ﬁ (44)
j<k

P20, x) = p*(f/2) duy ---dug

In a previous analysis®® it has been shown that the non-oscillatory
large-x behaviour is determined by the integrand in the vicinity of the
endpoints 0 and 1, with the requirement that f/2 of the integration
variables are in the vicinity of the endpoint 0, while the remaining f/2
integration variables are in the vicinity of the endpoint 1. Thus we write
ugp;=1—v; (j=1,.,p/2) (this introduces a combinatorial factor f
choose /2 to account for the different ways of so partitioning the integra-
tion variables) and then expand the integrand (excluding the exponential
factors which involve x) in terms of the “small” variables u;, v; (j = 1,..., #/2).
In particular we must expand

B2

[T (1 —uy) =" +2F (1 —v) 1 +2F H (1 —u;—v,)¥* (4.5)

j=1 LlI'=1
The function (4.5) is a symmetric function of the variables {u;} and {v;}
separately. Let {g,}, be a polynomial basis for symmetric functions with
x denoting a partition (ordered set of nonnegative integers) of no more
than f/2 parts, and suppose furthermore that ¢, is homogeneous of order
x| :=#y+4 --- +Kg,. Then we can write

B2 B2
l__[ —1+2/ﬁ(1 )—1+2/ﬁ' l_[ (1*“[*1)[/)4/ﬂ
j= LI'=1

=) W u @ty sy ) G (V1 ey Vo) (4.6)
]

Substituting (4.6) in (4.4), then following the procedure of ref. 3, which
involves extending the range of integration to u;€(0, ), v;€(0, o0) and
changing variables u; — 2mipxu;, v; — — 2nipxv; making use in the process
of the fact that ¢, is homogeneous of degree |x|, we obtain the non-oscil-
latory terms in the large-x asymptotic expansion of p,)(0, x). This reads

p (5217 !
pot-0 17 (g, ) S S

Ky Kg u

X 2 Weeu Tl Il + 12
) i H(2mpx )it +1x

(4.7)
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where

B2
duy - dugy |1 uy 2 e T Jue— ;1Y @ity ey t1g5)
=1 i<k (4.8)

K :=j
Brse [0, c0)h2

The symmetry w, ,=w, , evident from (4.6) implies terms in (4.7) with
|| + |u| odd cancel. Therefore the sum in (4.7) can be restricted to parti-
tions such that |x|+ |u| is even, which means the asymptotic expansion
only contains inverse even powers of Xx.

To proceed further we must be able to compute the expansion coef-
ficients w, , as well as the integrals K, .. For the former task it is con-
venient to choose ¢, equal to the monomial symmetric polynomial m,_,
which is defined as the symmetrization of the monomial x! x;/;/zz nor-
malized so that the coefficient of x’1-.. x7#2 is unity.

. B2
First, we have the well known expansion

l_[ (1 — uj)a = Z azcm;c(ulz--" M,,) (49)
j=1 {(k)<n
where
0 (—a)
ak:pljl @y A=t (4.10)

with /(x) denoting the length of x (i.e., number of non-zero parts). We can
therefore immediately expand the first product in (4.6) in terms of
monomial symmetric polynomials.

Consider next the expansion of the double product in (4.6). Making
use of the formulas

( _a)n X"
n!

(1—x)"= f (4.11)
n=0

(% at)= % a-“ams)) (4.12)
k=0 !

Jj=1 f(k)<n

where a, is specified by the first equality in (4.10), we see that

B2
[T(—u—o)?="% (1=0)>"" e muy,yugy)  (4.13)

Jj=1 (k)< p/2
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where

_(=4/P)

£(5)
CK:pl;II Crp =T
Expanding the factor (1 —v)>~ ! we can rewrite (4.13) as
B2 ©
[T A=w,—0)*P =% wy(uy,s tigp; f) v"

Jj=1 n=0

for appropriate symmetric functions w,. Replacing v by v; and forming the
product over j' using (4.12) we obtain

B2
[T I—uy—v)* =5 Wi~ im0y, Vgp2)
gi=1 200) < BJ2

where w, :=TT5%) w, . The final step is to expand wh2=20)y, . in terms of
{m,} and so obtain the expansion

B2
[T Q=wy—v,)* =3 t, Uy, tign) M, (V) ey Vgp) (4.14)
qi=1 y

The practical implementation of this procedure requires the use of com-
puter algebra. We work with arbitrary (positive integer) values of f/2.
Furthermore, we only include terms with |u|+ |x| <6 throughout since
according to (4.7) these terms suffice for the evaluation of the coefficients
of 1/x*, n<3.

Having obtained the coefficients 7, ., in (4.14), we multiply the series
(4.14) with the two series of the form (4.9) representing the first two
products in (4.5), expressing the answer in the form of (4.6), and so deter-
mining the coefficients w, ,. Again this step requires computer algebra.

With w, , in (4.6) determined, it remains to compute the multiple
integral (4.8) with ¢, =m,. For this task we introduce a further basis of
symmetric functions, namely the Jack polynomials { P”(u,,..., uz,)}. The
Jack polynomials P/#)(z,,..., zy) with z;:=e**/F, when multiplied by the
ground state wave function |0), are the eigenfunctions of the Calogero—
Sutherland Schrédinger operator (2.1).%) Each polynomial is homogeneous
of degree |«| and has the expansion

POzy s zy) =M+ Y, ay,m, (4.15)

u<k
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where < is the dominance partial ordering for partitions: u < if |r| = |u|
with k #u and 37_, u, <X7_, k, for each p=1,.., N. The coefficients a,,
can be calculated by recurrence.!'®

The significance of the Jack polynomial basis is that we have the
explicit integral evaluation

1

ﬂ dt;te ™ "P Nty ty) [] 16— 1,17"
WaocN I=1 j ' j<k
=PI [a+(N—1)/e+1]@ (4.16)

which is a limiting case of an integration formula due to Macdonald,®
Kadell,""™ and Kaneko.'” In (4.16)

N

meN:]_[ Jw dt;tfe —‘zn |tk—l‘j|2/°‘
=1 "0 j<k
1__[ 1+ + 1)) FC(a+ 1+ jlx)
i (14 1/a)

N I(u—(j—1)/a+x;)

[u](zx) n

=1 ==/

and P@(1%) denotes P™(xy,..., xy) evaluated at x; = --- =xy=1.

To make use of (4.16) we must first express the monomial symmetric
polynomials r1, in terms of { PP}, _ ., which can be done using computer
algebra from knowledge of the expansion (4.15). Substituting in (4.16)
allows the integrals K, 4 to be computed.

After completing this procedure all terms in (4.7) for |x| + |u| <6 are
known explicitly. Performing the sum and simplifying we obtain

(0 x)~p2<1_ 1 3(ﬁ—2)2_15(ﬁ—2)2(ﬁ2—3ﬁ+4)+ >
@ B(rpx)? 2 (mpx)* 2(npx)°

(4.17)

Note that this agrees with the known form (1.3) for the term O(1/x?), and
the form (4.3) for the term O(1/x*). The term O(1/x°), due to the equiv-
alence between (4.1) and (4.2), implies the term O(|k|’) in the small-k
expansion of S(k, ) is equal to

=12 (=3 g1 (A (@.18)
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This is of the form of the conjecture (1.8) with

pa(x)=(x—1)*(x*—3x+1) (4.19)

5. S(k; B) FOR SPECIAL B

Let us assume the validity of (1.8). The coefficients specifying the poly-
nomials p;(x) therein can be determined from knowledge of the coefficient
of |k|”*! in S(k; B) or 07S(k; B)/0p? (p < j) at special values of f. Now in
the context of random matrix theory S(k; ) has been evaluated in terms
of elementary functions for #=1,2 and 4. The results are*”

|k|—|2kllog<1+|k|>, |k| <2mp
Sk;1)=4 " P (5.1)
29— 1og <1+lkl/ﬂp> k| > 27
21 — 1+ |k|/mp -
k|
—_— <
Sk:2)=d2n  Hs2mp (5.2)
p k| =2np
k| k| |k
= Zlog |l —— <4
Stk:d)={an 8z 081 7oy, IKIsdmp (5.3)
p |k| = 4np
Recalling the definition (1.6) of f(k, f) we read off
1 k
f(k;1)=1—log<1+> (5.4)
2 p
Sk 2)=1 (5.5)
1 k
flk;4)=1—=log|1—— (5.6)
2 27p

The exact evaluation (5.5) implies that for all j p;(x) contains a factor
of (x—1). In the case of j odd this gives no new information since the
factor (x —1) was already deduced as a consequence of the functional
equation (1.9). On the other hand, in the case j even this fact together with
the functional equation (1.9) implies

j—2
pj(x):(x_1)2 Z bj,lxla by 1=b;; >, (J even) (5.7)
=0
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Consider now the constraints on the coefficients in (5.7) and (1.11)
which follow from (5.4) and (5.6). As (5.4) and (5.6) are related by the
functional equation (1.7), and this is built into the structures (5.7) and
(1.11), only one of these exact evaluations gives distinct information on
p;(x). For definiteness consider (5.4). We see that

. 1(—1)/

K] fll 1) =5~—-,
U D=3 iy
where the notation [k’/] denotes the coefficient of k/. Recalling (1.8), (5.7)
and (1.11) this implies, for j even,

j=1 (5.8)

I 1 A .
;,:5((1 +27UN b o+ (27 270 by
+ (272242702 bj’j/z_z+2_7/2+1bj,j/2_1) (5.9)

while for j odd

1 . .
7= (14279 a, o+ (27" +27V")a, 4 -+
+ (27U 22U DREN G G
F27UIRG ) (5.10)

In the case j=1 (5.10) gives @; o = 1 which reclaims (1.12), while in the case
j=2(5.9) gives b, =1 which reclaims (3.15).

The exact form of S(k; f) in the weak coupling scaling limit f— 0,
k—0, k/p fixed is also available. Introducing the dimensionless Fourier
transforms

St p):=p [ (010,34 poti)) e di
B)i=p [ lx) e dx

where @(x):= —log |x| is the Pair potential of the log—gas (thus the
integral in the definition of the @(k) is to be interpreted as a generalized
function) we have!?

Stk; p) ~1 ———— (5.11)
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Since

-~ T

& (k) :m (5.12)

and noting S(k; f) = S(kp; f)/p we thus have that in the weak coupling
scaling limit

S(k, ﬁ)=p<1 (5.13)

)
1+ |k|/npp
Expanding (5.13) in the form (1.8) and recalling (5.7) and (1.11) we deduce

o=1 and b,

J>

o=1 (5.14)

for all j. Using (5.14) in (5.9) and (5.10) gives that in the case j=3,
d; = —'%, and in the case j=4, b, ; = —3. The latter result reclaims (4.18)
while the former result together with (5.14) gives

ps(x)=(x—1)(1—2x+x?) (5.15)

An alternative way to derive (5.14) is to consider the f — oo low tem-
perature limit. In this limit the system behaves like an harmonic crystal, for
which we have available the analytic formula® #

e ﬁ 1/2 o
pgg?r)(x; 0) =p2 Z < > e —Pp—px)"/4(p) (5.16)

b= o pwo \ATL (D)
where
1 121 —cos 2npt
o=l —w

Taking the Fourier transform gives for |k| <2mrp

Shan)(f. B = p 020: (e—sz(p)//fpz_ 1) eklp
p=—00

2

e [kl/np
Bp?

K (5.17)

Yo P

B— o

Y flp) et =

4The denominator of the exponent in (3.10) of ref. 4 contains a spurious factor of 72 which
is corrected in (5.16).
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This formula maps to the weak coupling result (5.11) under the action of
the functional equation (1.7) and so implies (5.14).

6. PERTURBATION ABOUT B=0

The formula (5.13) is just the first term in a systematic weak coupling
renormalized Mayer series expansion in ff. In the case of the two-dimen-
sional one-component plasma, low order terms of this expansion have
recently been analyzed by Kalinay er al'® Results from that study can
readily be transcribed to the case of the one-component log—gas.

Formally, the renormalized Mayer series expansion is for the dimen-
sionless free energy SF* (in ref. 16 our BF™ is written —BF°), and one
computes the direct correlation function via the functional differentiation
formula

52(ﬁFex)
0p1)(0) dp 1)(x)
The Ornstein—Zernicke relation gives that the dimensionless Fourier trans-

form of the direct correlation function, é(k, ) say, is related to the dimen-
sionless structure function S(k; f) by

(0, x) = (6.1)

B 1
S(k; p)

so expanding é(k, ) about =0 with k/f fixed is equivalent to expanding
S(k; p) about =0 with k/f fixed.

Now, transcribing the results of ref. 16 we read off that the weak
coupling diagrammatic expansion of ¢(x,, x,) starts as

ks p)=1

(6.2)

1
c(xy, Xp) = —ﬁ¢(x1,x2)+2' (K(x1, X))+ - (6.3)
where
e dk e’k(xl x)
4
K(xy, x,) = —fn f_wh e (6.4)
with x = frp. This implies
N pr © dl fpr pr
k; — 4+ — 6.5
deh ==t pj,w27z|l|+1c|pk—l|+ic (65)
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The integral is straightforward (consider separately the ranges of / such
that />0 (/<0) and pk—1>0 (pk—1[<0)). In terms of k' := pk/x =k/zf,

1 1+ |K|

- ————log(1 + |k’ o(p? 6.6

(ks ) =

or equivalently using (6.2)

_) |k /x| B |k /|
1+ |k/x] (14 |k/r)(2 + [Ke/xc])

log(1 + |k/x|) + O(f?)
(6.7)

S(k; )

Notice that the leading order term in (6.7) reproduces (5.11).
The exact result (6.7) gives the explicit value of the coefficient of x in
the polynomial p;(x). Thus recalling (1.11) and (5.7) we have

%(bj’1—2)= [x7] log(1 + x), (j even)

1
(I+x)(24+x)
_
(I+x)(2+x)

(6.8)

1 .
5(1—&]-,1):[)6’] log(1 + x), (j odd)

Furthermore, a simple calculation gives

I
Trma iy == 2

[x7] (1-2477) (6.9)

so we have for example

-1 — _ 9 31 5 1607
ds 1= —305 bsl—_15, a7.1= — a0 (6.10)
263 ~ 791 ’
bg 1= —%> a9, 1= — 180

Substituting ds,; from (6.10) and ds, from (5.14) in (5.9) shows
ds ,=%. Similarly, the value of bs , above allows us to deduce that
be., ="2. Thus we have

(X)=(x—=1)(x*—=Ax34+52x2_2Ax1+1)
Ps 30 15 30 6.11)

Pe(x) = (x—1)% (x* — 33 + Px? — fx + 1)

We remark that according to the conjecture (1.8), the expansion of
S(k, p) about =0 should have the structure

S(k, p) = folkjic) + Bfi(k/ic) + B(folk/K) + --- (6.12)
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where
filw)y=u/(c; o4 c;u+ ) (6.13)

Consideration of the analysis of ref. 16 reveals that the structure (6.12) will
indeed result from the weak coupling expansion, however the structure
(6.13) is not immediately evident. (Of course the explicit form f, as revealed
by (6.7) exhibits this structure.)

7. PERTURBATION ABOUT =2 AND B=4

A feature of the couplings = 1, 2 and 4 is that the n-particle distribution
functions are known for each n=2, 3,....?» Introducing the dimensionless
distribution

g(xl EA) xn) = p(n)(xl seces xn)/pn
we can use our knowledge of g(x;, x,) for n=2,3 and 4 at these specific

f to expand g(x,, x,) about f=p, to first order in f—f,. Thus with
D(x,, X,) 1= —log |x; —x,| we have®

g1, X2 B) =gy, x2) + (f— o) {— g1, X) By, x5)

—2p [ (g0, X2 x3) — g1, X2)) B, x3) iy

— 00

— 10 [ (g1, X2 X, xg) — g0 X2) gl )

— o0

- g(xla X2, XS) _g(xla X2, X4) +2g(x19 XZ))

X D(xs. x4) ds dx4}+ O((— Bo)) (7.1)

where on the right hand side the dimensionless distributions are evaluated
at f=p,. Here we will compute this first order correction, and the corre-
sponding first order correction for S(k; /), in the cases i, =2 and i, =4 (we
do not consider f,=1 because of its relation to f,=4 via the functional
equation (1.7)).

Now, in the case f,=2 we have

sin Zp(x — y)
g(xy,e X,) =det[P2(xj’ xk)]j,k:l ..... ns Py(x,y)i=—"—"7"""— (72)
np(x—y)
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while in the case f,=4

g(xl’-"a xn)=qdet[P4(xj, xk)]j,k:l ..... n (73)
where
sin 27px :
B Pe— Si(2mpx )
TPX
Pux; = 7.4
)=l <sin 27‘cpxjk> sin 27 (74)
2np dxy \ 2mpxy 27px

with x; :=x;—x; and Si(x) denoting the complimentary sine integral,
defined in terms of the sine integral si(x) by

rsmt ijIIll

—dt= 7+31() si(x) 1= — dt (7.5)

n (7.3) qdet denotes quaternion determinant, which can be defined as
qdet[P4(Xj> xk)]j,k:l ..... n

= Z (_l)niln (Py(xy, Xp) Py(xp, X.) - Py(x g, X ))(O) (7.6)

PeS,

where the superscript (0) denotes the operation 3Tr, P is any permutation
of the indicies (1,..,n) consisting of / exclusive cycles of the form
(a—b—c--- »d—a)and (—1)""'is equal to the parity of P. Note that
this reproduces the definition of an ordinary determinant in the case that
P, is a multiple of the identity.

The task now is to substitute (7.2) in the case ;=2 and (7.3) in the
case i, =4, and to compute the integrals. Consider first the case f,=2.
After some calculation (see Appendix A) we find

. > . 5
sin Tpx 1 /sin mpx sin 2zpx .
0,x;6)=1-— —2){= — 2
2(0, x; B) ( px > +(B ){2< o > P + ci(27px)

) ((log 27p |x| + C) cos 2mpx —ci(2npx))}

+0((f—2)%) (7.7)
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where C denotes Euler’s constant while

t—1 © t
%dz:—f S (7.8)

ci(x) = c+1og|x|+f =

denotes the cosine integral. From this we can compute (again see Appendix A)
that up to terms O((f —2)?)

(o2 e (1)

2
L7 L L R S
47p 2np — k|  4mp
S(k; ) = < (7.9)
1 |k| +27zp

|k < (2mp)? > np
—1 1— - k|>2
k +47Z'p og kz |k| > | | > p

Let us consider the consequence of (7.9) in regards to the expansion
(1.8). For |k| <2mp we observe that all terms but the one proportional to
|k| are even in k. This is consistent with p;(x) having the quadratic factor
(x—1)* for j odd (recall (5.7)), but only a linear factor for j even (recall
(1.11)). Moreover, we can use (7.9) to derive a linear equation for the coef-
ficients {@,}. First we differentiate (7.9) with respect to f, set f=2 and
expand about k=0 to obtain

oS(k; )| _ 1 Ik 1 (Ikl

2j
= +Y — . kI <2mp
B |y 22mp _,Z 2j(2j—1) >

2np
Recalling (1.8) and (5.7) this in turn implies

(2a5; y o+2d4y 4 1+ - +20y  ; 2+dy g ;) (7.10)
In the case j=4 we deduce from this equation, (5.14), (6.10) and (5.10)

that

Ppr(x) = (x = D)(1 = 25x + 550 X* — 15 X” + 559 x* — o x* +x°) - (7.11)
Consider now the case f,=4. Due to P, in (7.3) being a 2 x 2 matrix,

the calculation required to compute (7.1) is more lengthy and tedius than
in the case f, =2, although the common structure of n-point distributions
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means the two cases are analogous. Some details are given in Appendix B.
Our final expression for g(x;, x,; f§) is given by (B.4). We find its Fourier
transform can be computed explicitly in terms of elementary functions,
together with the dilogarithm

~log t

dilog(x) := | —=—
ilog(x) = [ 75

dt (7.12)

Explicitly, with p =1 for notational convenience, up to terms O((f —4)?)

S(k, p)=S(k,4)+(f—4) (—n + Bo(k) +2B,(k)

Lq
—4B,(k) +2B5(k) + Bg(k) — 37(k)> (7.13)
where
R 3 3kl k| 47 + |k|
i R < K] >

1 > 12 || La Lg
+<C+210g(167z —k )> <l - 87z1 o
k| < < k| > . <4n+|k|>
2L il —dil
T 16n \ O\ 2m k) TR 2 i
k| 4 + k|
“log [1 -2
og‘ 2| P8\ g + g1(k)
2 — |k k
2 Mg [ M g <an (7.14)
8 2n

L (k4 k| <k2—167r2> k| < . < k| >
Bo(k)==1 W jog (=207 L X (it
oK) =3 Og<|k|4n>+8n ) T 1er \ 8 k1 2n

. k| > . <|k|+4n>
dil —dil
+ 1Og<|k|—2n A

. |k|—4n>>
dilog <|k| — ) k>4 (7.15)
T %] Ikl |k|>
] =By Bleg |1 -2 k| <4
By (k)= |k|< an s 08|17y ) IKI<dn (7.16)

0, |k| > 4n
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5 3 3k k| | Ikl |k|
B3(k)= _2+87'E+C<1_7Z . 1 E
1 3|k Lg
Sl et I RO [ e
+<8 32n> ‘ 2n
+|k|<log 1— > —(4n — |k|) log(4n — |k|)
64 on 8n

1 1
% |k| log |k| +§10g 4n

|k|< Lq > n’ < 4n >
1 r_ T
307\ o8 <z i) Tz e o

4 — |k
—dilog <| |> dilog <712||> +2 log(2n) log |1 —
T

|kl
2r

+log(27 + |k|)10g‘ |2 |+g2(k)> |k| <4n
Byk)=0,  |k|>4n (7.17)
A k| < > k|
) Byk) =~ (1og |1 — k k| <4
Byky = { B ~ g \log |1 =501 )+ &b Hkl<dr 0 e
0 k| > 4x
N k|
Belk) = 27 8z l6n lo 17271
|kl k| |k >
+(C+log(4n |k|))<l e log |10

lkl< ~ (lkl> |k| <|k|>
+32 3 —dilog o log |1
—2dilog <47z - |k|>

2n

k 4r— |k
—2log |1 =M og (=N L o)), 1kl <dn
2n 2n
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Byk)=0,  |k|>4=n (7.19)
(kL Tk |k|>2
By(k) = |k|<1 an T an 8|1y ) KI<dn (7.20)
0, k| > 4n
with
(- 4r — |k| . 2n >
dil —dil
ilog 2 — k| log 3K
2 k| 47 — |k|
—Z —log(1-2201 k| <2
ailk)= ¢ e (1l () <o
(k)=
: |k| > . < 21 >
d110g<|k|—27z dilog k] —2n
n 2n K]
——+1 1 2 < |k| <4
\ et 0g<|k|_2n> og<|k|_2n>, n<|k| <4n
[ .. dn— K|\ =°
dilog | 37— k1) "6
k
+log(27 — |k|) log <1 —|2|> k| <2n
T
go(k) = 5
T
—dilog [ —=2—
1°g<|k|—2n>
|k|
+log(4n — |k|)log (=——1), 2zn<|k|<4n
k 2n
(1<n2 . <27‘[>
—(Z—2dilog [ ==
>\ ilog ]
2n (27 — |k| )2>>
~log (= Jlog (5 Kl <2
k)= 4 oc (oo (Fe ) W<
3 1<dilo <|k|_2”>—duo (2”>
2\ T n &k
k| — 27 1kl
\ +log< e log ) ) 2n < k| <4n
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[ =n* . < 2n > i <47z—|k|>
———dil 2 dil
6 B\ 2 k) T
2n 47 — |k|
21 1 k| <2
. #2108 (57 Jroa (S g ) i<
. k| > . < 2 >
dil —2dil
10g<|k|—2n PR k=2

2n |k
1 1 2 4
\ +%Qm—h>%<w—h> 7 <[kl <dr

(7.21)

The above formula for S(k; ) in the case |k| <2z (recall here p=1)
can be used to expand dS(k; §)/0f about k=0. For this task we use com-
puter algebra, which gives the result

oS(kip)|  _ K, WK, Sk SIS 27k
B |s_s  T6m 256m° 30727 " 40967° " 819207°

3TIKT , 1273K% 88T 4423k
24576077 183500807° ' 275251207° ' 2936012807

1949 [k|"!

275251200711 (7.22)

This allows us to deduce a further equation for {bg ;},_o .
{ds ;},—0.. 4, which in combination with (7.10), (6.10), (5.14), (5.9) and

,,,,,

(5.10) implies

ps(x) = (x = 1) (1 = Fx + 55 x* — §5550° + 578x* — X7+ x9) (7.23)
91 3603 .2 7355 .3 , 2231 .4
po(x) = (x —1)(1 — fgox + 556 x° — 5o x° + 5 x

7355 .5 | 73603 .6 791 .7 8
—Sa X+ 5560 X — TgoX +X°) (7.24)

8. CONCLUSION

Collecting together the evaluations (1.12), (3.15), (5.15), (4.19), (6.11),
(7.11), (7.23) and (7.24), and substituting in (1.8) we have that for
|k| <min(27p, nfp)
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f
— S(k; p)=1
Sk
+(x—1)y
+(x—1)?)?

+(x—1)(x*—2x+1))°

+(x—1)2(x*=3x+1) y*
+(x—1)(x*=%x>+ x> —Ax+1))°
+(x—1)*(x* =33+ Bx?—3Ix +1) )"

+(x—1)(x6— 1507 x5 4 WL x4 ALy3 L DM x2 L% x+1) y7
+(x—1)2 (6 =285 4 1874 03837\ 3 4 16972 28 x +1) »®
+(x—1)(x8— 17 4 16036 13555 4 223144

7355 .3 | 73603 .2 _ 791 9
508X+ F5e0 X —igoX T 1)y

+0(y") (8.1)

where x = f3/2 and y = |k|/nfp. With the coefficient of y’ denoted p,(x) as
has been throughout, we recall from our workings above that py(x), p;(x),
p»(x) and p,(x) have been calculated for general values of . In all other
cases the calculation has relied on the assumption that the p;(x) are indeed
polynomials. On this point we remark that in such cases, excluding j=8§
and 9, we have more data points than is necessary to uniquely specify
p,;(x), assuming it is a polynomial, and our extra data points are consistent
with the explicit forms presented in (8.1).

We remark that the structure exhibited by (8.1) is familiar from the
study of exactly solvable two-dimensional lattice models.(!? In this field
one encounters two-variable generating functions G(x, y) say with series
expansions of the form

G(x, y)= ) H,(x)y" (82)

n=0

in which H,(x) is a rational function, and furthermore the denominator
polynomial in H,(x) only has a small number of (typically no more than
two) distinct zeros. For example, the two-dimensional Ising model with
couplings J; (J,) between bonds in the horizontal (vertical) direction and
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x:=exp(—4J,/kgT), y:=exp(—4J,/kgT) has for its spontaneous mag-
netization the celebrated exact expression (see e.g., ref. 2)

16xy 178
s n=(1- =) ®3)
When written in the form (8.2) one finds
2xP
H (x) = 28 (84)
(1—x)"

where P,(x) is a polynomial of degree 2n — 2 which satisfies the functional
relation

P,(x)=x*""2P,(1/x) (8.5)

As emphasized in ref. 10, the exact solution (8.3) can be uniquely deter-
mined by the functional form (8.4), together with the functional (inversion)
relation (8.5) and the symmetry relation M(x, y) = M(y, x). For the struc-
ture function of the log—gas we have no analogue of the symmetry relation
and so cannot characterize (2.6) this way.

One immediate feature of the polynomials p;(x) in (8.1) is that for j
even the polynomial p;(—x) has all coefficients positive, while for j odd the
polynomial p;(—x) has all coefficients negative. Another general feature of
the p;(x) in (8.1), obtained from numerical computation, is that all the
zeros lie on the unit circle in the complex x-plane. This can be rigorously
determined numerically because the symmetry (1.9) implies that if x, is a
zero of p;(x), then so is 1/x,, which will be the complex conjugate of x, if
and only if |xo|=1.

The quantum many body interpretation of (1.1) allows us to give a
physical interpretation to the functional relation (1.7). As the functional
relation is derived from the integral representation (2.9), it is appropriate
to recall’V the physical interpretation of that formula. In (2.9), with
f/2=p/q, there are ¢ integrals over x;e(0, 00) and p integrals over
y;€(0, 1). The variables x; can be interpreted as being rapidities of quasi-
particle excitations, while the y; are rapidities of quasi-hole excitations.
Thus the transformation S+ 4/f is equivalent to interchanging p and ¢
and thus the quasi-holes and quasi-particles. In (2.9) this does not lead to
an integral of the same functional form as before; although the functional
form of the integrand is conserved, apart from a renormalization of k, the
domain of integration is different for {x,} and {y,}. But with k restricted
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as in (2.8) both sets of variables can take any value in (0, co). The quasi-
particles and quasi-holes play an identical role and the functional equation
results.

It is of interest to consider the small k& expansion of S(k; I'), I':=
¢*/kzT (¢ = charge), for the two-dimensional one-component plasma. As
mentioned earlier, this has recently been the object of study of Kalinay et
al.'® They obtain results which imply

2nl r k> (0 3N/ 2\[/ k* \? .
k2S(k’r)_l+<4_l>2nl"p+<4_2> <4—3> <znrp> +OE)

(8.6)

where k := |l€|. The structure of (8.6) bears a striking resemblence to (8.1)
with I'/4 corresponding to x and k?/2nlp to y. In particular with
g(x, y):=(2rnI/k*) S(k; I'), the expansion (8.6) to the given order is such
that

1
gx, y)=g <x ; —yX> (8.7)

Furthermore, writing

g, )=1+ 3 u(x)y’ (8.8)

=1

we have u;(x)=(x—1), uy(x)=(x—3/2)(x—2/3) so u;(x) is a monic /th
degree polynomial for /< 2. However we can demonstrate that this analogy
breaks down for the /=3 term in (8.8).

To demonstrate this fact, suppose instead that the functional equation
(8.8) was valid at order /=3 in (8.8) and u;(x) is a monic polynomial.
Then u; must be of the form

uy(x)=(x—1)(x*+ax+1) (8.9)

From the definition of g(x, y) we can check that this is equivalent to the
statement that

/1)<’”;’)>4j rES(r; ') di=(41)* (x = 1)(x* +ax+1)  (8.10)
Rr2
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But as noted in ref. 16, it follows from the perturbation expansion of ref. 13
that

1 (zlp\* § ok
p<”2p> Lz P8S(r; ) dF = — 41+ (I'—2) 4] <EO . —2>+0((r—2)2)
- —4 +(r—2)4!¥+ o((I'—2)?) (8.11)

The term in (8.11) proportional to I"— 2 is incompatible with (8.10) which
gives instead

(Fr—2) 4118

independent of the value of a. Indeed in ref. 16 evidence is presented which
indicates u5(x) is an infinite series in x, although we have no way of deter-
mining if the functional equation (8.7) also breaks down at this order.

APPENDIX A

In this appendix some details of the derivation of (7.7) and (7.9) will
be given. To simplify notation we take p =1 throughout. The first step is
to substitute (7.2) and (7.1) and simplify by expanding out the determinant
and cancelling terms where possible. This shows that up to terms

o(p—2)*)

gx(X1, X35 B)

=1—(Py(xy, xz))2+ (B—=2) {_(1 —(Py(xy, xz))z) D(xy, X3)

_2f —(Py( xz,xs)) (Pz(x19x3))2

+2Py(x1, X3) Py(Xy, X3) Pa(x3, x1)) D(xy, x3) dxs

_%J (4P5(x1, X3) Py(x3, X4) Py(X4, X1)

—4P,(x1, X3) Py(x5, X3) Pa(x3, X4) Pa(X4, X1)

—2Py(xy, X3) Py(x3, X3) Py(x5, X4) Pay(x4, X1)

+ 2(Py(x1, X3))% (Py(Xa, X4)))) P(x3, X4) dx; dx4} (A.T)
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The convolution structure

|7 1n=2 gle= ) ax

often occurs in the above integrals. Such an integral can be transformed by
introducing the Fourier transforms f (g) according to the formula

1

| " sn=wgte—ydx =5 [ ji g e trma o (a2)
. T

Making use of this formula typically leads to simplifications.

For example, consider the first integral in (A.l). Starting with the
Fourier transform

Ld
. 1] —— k|l <2
e dx = 2n’ k| <2m

0, k| > 27

(A3)

and (5.12), application of (A.2) gives

0 2n |k 7 dk
Al(x12)3=f (Pz(xzax3))2 (15(x3,x1)dx3=j <l_n>COSkx12n

— 0 —2n

(A4)

This expression is indeed simpler than the original, but it suffers from being
ill-defined, due to the singularity at the origin. However its derivative is
well-defined, and can furthermore be evaluated in terms of elementary func-
tions giving

d sin 2zx 1
— = AS
dx 1) 2nx*  x (A-5)
Also, we have®
- —j ST el = C ot log 2 1 (A.6)
where C denotes Euler’s constant. Together (A.5) and (A.6) imply
sin 2zx .,
A(x)=— + ci(2nx) —log | x| (A7)
2nx

where ci(x) denotes the cosine integral (7.8).
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The other six integrals in (A.1) yield to similar techniques. We find

Ay = joo (Py(xy, xs))2 D(xq, x3) dx;=A44(0)

— o0

As(x12) j Py(x5, X3) Py(x3, X1) D(X3, X;) dx;

= r (C+log(n+k)) cos kxu;i—k
T

—T

—_—

sin 72X,

=5 (C+log2n —log |x;,| +ci(27mx4,))
X112

1 COS X
—5 <51(27tx12) + 2> ?212

Ay 52[ Py(x1, X3) Py(x3, X4) Py(x4, x1) D(x3, X4) dxz dx,

=A45(0) = 4,(0)

As(x12) j Py(xy, x3) Py(x3, x4) Py(xy, x1) DP(x3, x4) dxy dxy= As(xy,)

Ag(x12) 52[ Py(x1, X3) Py(x3, X3) Py(X5, X4) Pa(x4, X1) DP(X3, X4) dx; dxy

1 .
= m <C+ log 27 + cos 27x5(log | x1,| — ci(27x15))
12
. . n
—sin 27x, <31(27le2) + 2>>
A(x12) 5:j (Pa(x1, X3))* (Pa(x, X4))* D(x3, x4) dxy dx,y
2n dk |k
= j—ZnZ <1 > mcos kx1,
1 —cos?2 in 2
— —log x| — ———2 2 SRR 4 onx,) (A8)

(27x5)? 21X 1,

where si(x) denotes the sine integral defined in (7.5).
Of the results (A.8), the evaluation of A, is the most difficult, so it is
appropriate to give details in that case also. We observe that 4, consists
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of the convolution of P,(x;, x3) P,(x5, x,) regarded as a function of x;,
and @(x;, x4), and P,(x,, x;) Py(x,, x4) regarded as a function of x,.
It simplifies the calculation to take as the origin in both integrations the
centre of the interval between particle 1 and particle 2, which is achieved
by the change of variables x; - x5+ (x; +X,)/2, x4 > X4+ (X, +x,)/2.
Use of (A.2) then shows

© dk 4 T
Adx) =] 5 Mk v o (A9)
. (% sin7mxy; sin 7xs,
V(k’xu)'_J_ooian T cos kx; dx;
1. k|
i ey sin <7r— 7 )Xu, |k| <27 (A.10)
0, k| >2n
|

where the second equality in (A.10) follows after further use of (A.2). Thus

2n dk <sm(7z—|k|/2) >
k|

Ae(x) = f_h o . (A.11)

As in (A.11), this integrand is ill-defined. To proceed further, we write

Ae(x) = A (x) + A2(x)

w dk (/sin(r— |k|/2) x > <sin nx)z} n
() = -
A7) f_oo 2n {< X X |k

i > 2 dkon
4O)(x) — (S0 nx>
¢ (x) < J 2 270 |k|

where

X

The integral defining A" is well defined and can be computed by elemen-
tary means. The integral defining 4% is singular. It coincides with the
singular part of 4,(0) (recall (A.4)), and so from (A.6) we have

. 2
s "x> (C+1log 27)

A=

X

Collecting together the above evaluations of 4,—A4, and substituting as
appropriate in (A.1) gives (7.7).
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The next task is to evaluate the Fourier transform. Now the evaluations
of A4, and A, are given as Fourier integrals, so their Fourier transform is
immediate:

T 1
FTAI(X):W_E’ |k| <2n
(A.12)
FT Ay (x) = — 148 <2
=k 4’ d
while for |k| > 2%
FT A,(x)=FT A4;(x)=0 (A.13)

We can check that the constants 4, and A4, cancel when substituted in
(A.1), and so play no further part in the calculation.

Of the remaining terms, consider first the first term proportional to
f—21in (A.1), Ay(x) say. Making use of (A.2) we see that

N n
FTAo(x)_—|k|+j_2n|l_k|<1 2n> (A.14)

For |k| <2z minor manipulation allows the singular part

2n
f AT _cilogan (A.15)

227 1]

to be separated, while the remaining convergent integrals are elementary.
We thus find that for |k| <2n

FT Ay(x)= — |k| {C—i—log 2n+710g (1 —<2l;>2>} <1 —g:)—l

k| | |k <2n+|k|>
2% Al
T or T OB\ T (A-16)

For |k| > 2n the integrals in (A.14) are convergent and also elementary. In
this case we find

FT Ay(x) = —

2
7 Lyog M E2m KT <1 4”> (A17)

K2 = 2n T4 OB T2
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To compute the Fourier transform of 44, we begin by making use of
(A.2) in (A.9) thereby obtaining

o dl e dk, .
S SR k) VUL~ —K))

FTA6=J 5 i

_w 2

where

17([, k) 3:j dx 17(1, X) enikx:)f|k|<nf|l|/2

— 0

with the equality in the latter formula following from the explicit form
(A.10) of V(/, x) and then computation of the resulting integral, and where
xr=1 for T true and y,=0 otherwise. Thus

© dl = dk, .
FT AG(X):J_OOE j_wZ}(W<n_|z|/2){|k1—k|<n—|1|/2m
K| ( |k|> 2n
.l log 27)— [ 1—51)
( on ) (€ Flog2m) ) 82— k]
_ 1 A8
Lok, k<2n (A.18)
2
0. [|k|>2n

where use has been made of the generalized integral evaluation (A.15).
The final Fourier transform to consider is

sin 7x

FT As(x)

sin mx j" %
—x 2T

=FT

1 1 )
<C+log(n +k,) +log(nk1)> erx
X 2 2

1 o
:27 J dl%le[—n,n]%le[—n+k,n+k]

T

><<C+;log(n+l—k)+;log(n—(l—k))>
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where to obtain the equality use has been made of (A.2). Evaluating the
integral gives

i KN 1k lk
FTsmnxA3(x)=(C+log2n)<1—||> K o 1K1
X 2n 4r 27
1 Ik L]
+2<1 2ﬂ> log<1 o (A.19)
for |k| <2n, while for |k|>2n
FTX™ 4i(x) =0 (A.20)

X

Substituting the above results as appropriate in the Fourier transform
of (A.1) gives the result (7.9).

APPENDIX B

In this appendix we outline some details of the calculation of (7.1) in
the case i, =4 and show how this leads to (7.13). Because (7.2) and (7.3)
formally have the same structure upon expansion (recall the definition of
qdet (7.6)), the formula (A.1) formally maintains its structure when
generalized to the case f,=4. Thus we have

g2(x1, X2; B)
=1 —(Pylx1, x3) Py(x5, xl))(O)

(p—4) {— (1= (Pa(xy, X2) Palxs x1))@) Dxy. )

_ZJ —(Pyl(x3, x3) P4(x3,x2)) (P4(xlnx3)P4(x3axl))(0)
+2(Py(x1, X3) Pa(Xa, x3) Py(X3, X1)) ) D(xy, x3) dxs

-3 Jw (4(Py(x1, X3) Py(X3, x4) Pa(xg, X))

— 00

—4(Py(x1, X3) Pa(Xy, X3) Py(x4, xl))(O)
—2(Py(x1, X3) Pa(x3, X3) Pa(X3, X4) Py(xy, xl))(O)
+2(Py(xy, X3) Pylxs, xl))(O) (Py(x3, x4) Pyl(xy, xz))(o))

X D(x5, X4) dx, dx4}+0((ﬂ—4)2) (B.1)



774 Forrester, Jancovici, and McAnally

We treat each of the seven distinct integrals in (B.1) in an analogous way
to their counterparts in (A.1), although extra working is involved due to P,
being a matrix rather than a scalar.

The final results are

Bi(xy,) = foo (P4(x2, X3) Py(x3, xz))(o) D(xy, X3) dxs

— 0

4 dk k| |k| |k|
_ L k
j4n2n< 4r T 8n 08 |k| 08 K12
in 4 . 2 .
= —log Xy — S22 4 idnxy,) — S22 Gioay)
47X 1, 47X,

B2:_J (Py(x1, x3) Py(x3, x1)) @ D(xy, x3) dx3 = B,(0)

=C+log 471—3
B3(x12):=f a(X2, X3) Py(x3, X1) D(xy, X3) dx;
1 2
fl(x12 f3(x12) 3 f (f1(2) + fo(2)) dt

_ 0

- 1 1

1(x12) ++ f3 X12) Zfl(xlz)'i'ZfZ(le)
B, = JOO (Pa(x1, X3) Pa(x3, X4) Py(x4, xl))(O) D(xq, X3) dxs dx,

:B1(0)

Bs(xy,) = f Py(xy, x3) Py(x3, x4) Py(xy, x1) P(x3, x4) dx; dx,

— o0

:{ Pi(xp) + 8f2x12 zlgfs(xlz —56‘12(%ﬁ(t)+%f2(t)—§f3(l))dt
_(zlerl(f\lz) sfz(‘clz) éf (x12)) }Ifl(xlz)+%f2(x12)_%f3(x12)

Bg(xy,) := foo (Pa(x1, X3) Pa(X3, X5) Pa(X, Xg) Pyl x4, x3))(0)

— 0

X D(x5, X4) dx; dx,



Analytic Properties of the Structure Function 775

4n 1
=7 1 ko costiona2) it xia)
an 2 |k

ik
<|| gk, x15) — ;T g5k, x12)>
T

k ik 2
roosthons) ]tk xi) = g gtk x|

- <SH1(|11|;12/2) 2a(k, x12) +%§;2/2) g5k, x12)>
o ((471— |k|) cos((2m — |k[/2)) xy,)
47x 1,

sin(2n— |k|/2)xu)>} "

2
2nx1,

By(xy,) = foo (Pa(x1, X3) Pylxs, xl))(o)(P4(x2, Xq) Py(xy4, xz))(o)

— o0

X D(x5, X4) dx; dx,
dk
> —cos kx;, —

an k| | Ik|
= 1——+ —1 1—
J_4n< 47 |k 27

sin 47x 4 ci(dmy) — Sl(27zx)zsi£1 2nx
8mx

—log [x| —

Si(27x) cos 2mx

4rx
4n k| |? dk
+L |k| log |1 ~ cos kx 2822 (B.2)
where
2 dk
£1(x) ::j (2C + In(472 — k2)) cos kx =
—2r 2n
sin 27x . cos 2nx .
(C+1Indr—1In |x| +ci(4nx)) — Si(47x)
X X

1
fr(x):= — Si(27x)

sin 27tx

Sf3(x) =

X
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_sin((2z— Jkl/2) x)

gl(ka X) 27ZX
gk, x)=ci((2n — |k|) x) — ci(27x)
gs(k, x) =Si((27 — |k|) x) + Si(27x) (B.3)

When substituted in (B.1), the constant terms B, and B, cancel, and we
obtain the formula

8(x1, X35 B) = 1= (Py(xy, X3) Pylx2, 1))
+(B=B{ (=14 (Py(xy, X3) Py(x3, x1)) @ D(xy, X5)
+2B1(x15) —4(P4(x12) B3(x12)) @ +2(Py(x15) Bs(x1,))?
+ Bg(xX12) = By(x12)} + O((f—4)?) (B4)

We will demonstrate the close analogy with the f=2 calculation of
Appendix A by giving the derivation of the integral formula in (B.2) for
B(xy,). As in the derivation of the integral formula (A.4) for 4,(x,,), our
strategy is to use the convolution formula (A.2). However here the Fourier
transform of P,(x,, x,) P4(x,, x;) is not immediate. What is immediate is
the Fourier transform of P4(x;, x,). Thus from the definition (7.4) we see
that

FT Py(xy, %) i= | Pylxy, x5) ey,

12 i2k
2
- {—ik/2 1/2}’ Ikl <2m
0 0
2
{0 O} , |k| > 27
Use of (A.2) then shows that for |k| <4n
FT P(xy, X3) Py(X5, X1)
_f" 12 i2l 1/2 —i2(k—1) dl
o =i 12| itk=1)2 1 L ™
1—m @log 1—m
B 4 8n 2n 0 (B.5)
0 k| | |k| '

|k
l——+——log|l——
4n+8n og‘ 2n
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while for |k| >4n
FT Py(xy, x3) Pa(x5,x1)=0 (B.6)

The results (B.5) and (B.6) are the analogue of (A.3) in the working leading
to the evaluation of A4,(x,,). The integral formula for B;(x;,) in (B.2) now
follows from (B.5), (B.6) and (5.12) upon a further application of (A.2).

The Fourier transform of (B.4) can be computed explicitly. The final
result has already been stated in (7.13). This is obtained through the inter-
mediate results

FT B,(x)=B,(k) for j=0,1,3,5,6,7
with
Bo(x12) := (Pyl(xy, x3) Pa(x,, xl))(O) D(xy, X;)

and the éj specified by (7.14)—(7.20). We will illustrate the working by
giving some details of the computation of By(k) for |k| <4n.
Using (B.5) and (5.12) we see from (A.2) that

4n 17| 1] |7] > ndl

FT B = l——+—log|l—— —
o(¥12) J_4n< 47z+87z % 2n|) |k—1| 2%

k| | k] I > mmdl
=(1——+—log|l—— —

< 47z+87z oF 2n f_4,, |k —1| 2n

+r” <|k|—|l|> n _d

e\ dn k=127
am |l|—|k|> | = dl
= e |1 22 i
+J_4,,< 8r ) 8| x| k—i2n

+mr" o 21— |I| n ﬂ
87 ) _ar 2| 2m— k|| k=1 27

(B.7)

where the second equality, which follows from minor manipulation of the
first integral, is motivated by the desire to separate the singular integral.
Thus in the second equality of (B.7) only the first integral is singular.
It is essentially the same as the first singular integral in (A.14), and is
evaluated as

4n A dl 1 s ,
@ _ 1 B -
Lm k—1 2z~ CHplogll6n =k, kI < dn (B.8)



778 Forrester, Jancovici, and McAnally

The second integral in the second equality of (B.7) also appears in the
evaluation of (A.14). An elementary calculation shows

f“" ol L AN L B LI PR <4n+|k|>
4n

a |kl

= — B.9
4 |k—1| 2% 4 4n (B.9)

To evaluate the third integral in (B.7) we suppose without loss of
generality that k>0 and write

j“” | —I&T | ‘ Ill‘ dl

—4x 8w lk—1| 2

2 ] k !
T Viog 14—
L, <16n+8n(1—k)> Og‘ Fon

k 4r
—fl 1—|l|+ lo ’1-'”
0

2n| 167 2n (B.10)

167

The only non-elementary integral is the second term of the first integral.
This can be computed by checking from the definition (7.12) that for
—4n<I1<0

lo <k_l>>—llo l—i—i
E\k+27)) 1=k %8| T2

d/ .. k—1 [
dl(dﬂOg<k+2 >+10g‘1+

(B.11)
In total we therefore have
R PR
e 87 B T k—12n
|k |k|< < k]| > . <4n+|k|>>
—4+—4+—(dil —dil
2+8 e \ O\ e k) T O o
2n— |k k
+”||10g‘1—||‘ (B.12)
8

To evaluate the final integral in (B.7), a similar approach to that
leading to the evaluation (B.12) is adopted. Minor complications arise
because of the need to modify the formula (B.11) for /> k. We find
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J“” @10 27z—|l| ndl
e 87 B\ 2m— k|| k=1 2%

|k|{ <4n+|k|> . < k| >
log [ 22N _ dilog [
=16 19108 \ 5y )~ 9o {5

Kk 4z + |k
—log‘ "‘ <”Z|| |> gl(k)} (B.13)

where g, is defined in (7.21). Substituting (B.8)—(B.13) in (B.7) gives the
result (7.14).
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